MODEL THEORY OF A NON-DEGENERATE 
REPRESENTATION OF A UNITAL C*-ALGEBRA 



CAMILO ARGOTY 

Abstract. We study the theory of a Hilbert space H as a module for a unital 
C*-algebra A from the point of view of continuous logic. We show this theory, 
in an appropiate lenguage, has quantifier elimination and it is superstable. 
We show that for every v £ H the type tp(v/tf)) is in correspondence with 
the positive linear functional over A defined by v. Finally, we characterize 
forking, orthogonality and domination of types and show the theory has weak 
elimination of imaginaries. 



1. INTRODUCTION 

Let A be a unital C*-algebra and let it : A — > B(H) be a C*-algebra nondegen- 
erate isometric homomorphism, where B(H) is the algebra of bounded operators 
over a Hilbert space H . The goal of this paper is to study H as a metric structure 
expanded by A from the point of view of continuous logic (see [6] and [5] ) . In order 
to describe the structure of H as a module for A, we include a symbol a in the 
language of the Hilbert space structure whose interpretation in H will be 7r(a) for 
every a in the unit ball of A. Following [5] , we study the theory of if as a metric 
structure of only one sort: 

(Balh(H), 0, 2±K , Ml, (Tr(a)) aeBalh (A)) 

where Balli(H) and Ball±(A) are the corresponding unit balls in H and A respec- 
tively; is the zero vector in H; — : Balli(H) Balli(H) is the function that 
to any vector v 6 Balli(H) assigns the vector —v; i : Balli(H) — > Balli(H) is 
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the function that to any vector v G Balli(H) assigns the vector iv where i 2 = — 1; 

: Balli(H) x Balli(H) — > Ball\{H) is the function that to a couple of vectors 
v, w G Balli(H) assigns the vector || ■ || : Balli(H) — > [0,1] is the norm 

function; A is an unital C*-algebra; ir : A — >• B{H) is a C*-algebra isometric ho- 
momorphism. The metric is given by d(v,w) = Briefly, the structure will 

be refered to as (H, w) . 

It is worthy noting that with this language, we can define the inner product 
taking into account that for every v, w € Balh(H), 

(v\w} = U^ll 2 - ||^|| 2 + i(\\^r\\ 2 ||™|| 2 ) 

Because of this reason, we will make free use of the inner product as if it were 
included in the language. In most arguments, we will forget this formal point of 
view, and will treat H directly. To know more about the continuous logic point of 
view of Banach spaces please see [5], Section 2. 
The main results of this paper are the following: 

Theorem 1.1. The theory of (H,n) admits quantifier elimination and is super- 
stable. 

Theorem 1.2. Let v,w G H. Then tp(v/$) — tp(w/$) if and only if (j) v — (f> w , 
where <fi v and <f> w are the positive linear functionals on A corresponding to the 
vectors v and w (see Lemma [2.38\) . 

Theorem 1.3. Let v € H n and E C H . Then the type tp(v/E) has a canonical 
base and therefore, the theory of (H, n) has weak elimination of imaginaries. 

Theorem 1.4. Let E C H, p,q £ Si(E) be stationary and v, w G H be such that 
v \= p and w \= q. Then, p Le q if and only if ^»pJ- ( E („ e ) -L 4'p- L liE) (w < ,) ( see 
Definition \2.35\ and Definition \2.^(^ . 

Theorem 1.5. Assume {H,tt) is saturated. Let E, F and G be small subsets of 
H such that E C G and F C G. Let p G S±(E) and q G S\(F) be two stationary 
types. Then p E>g q if and only if there exist v, w G H such that tp(v/G) is a non- 
forking extension of p, tp{w/G) is a non-forking extension of q and (f> P ± ^ ^w*) — 
4>p-l ^ („ e ) (see Definition Y2.35\ and Deftnition \2.4(ty - 
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The author and Berenstein ([3]) studied the theory of the structure {H, +, 0, (|), U) 
where U is a unitary operator in the case where the spectrum is countable and char- 
acterized prime models and orthogonality of types. The author and Ben Yaacov 
([!]) studied the more general case of a Hilbert space expanded by a normal oper- 
ator N. Most results in this paper are generalizations of results present in [3] 0]. 
Previous to that, Henson and Iovino in [T9], observed that the theory of a Hilbert 
space expanded with a family of bounded operators is stable. A geometric charac- 
terization of forking in such structures was first done by Berenstein and Buechler 
[9]. In [8] Ben Yaacov, Usvyatsov and Zadka characterized the unitary operators 
corresponding to generic automorphisms of a Hilbert space as those unitary trans- 
formations whose spectrum is S 1 and gave the key ideas used in this paper to 
characterize domination and orthogonality of types. 

A work related to this one is the one of Farah, Hart and Sherman who recently 
have showed that the theory of a C*-algebra is not stable (See [15] and [H]). These 
papers and Farah's work point out one phenomenon: C*-algebras have complicated 
model theoretical structure but their representations are very well behaved. This 
is similar to the case of the integers Z: The theory Th(Z) is quite difficult from 
the model theoretic point of view, but some of its representations like torsion free 
abelian groups are very well behaved. 

This paper is divided as follows: In Section [5] we give a summary of the tools of 
C*-algebras that we will use in this paper. In Section [3j we give an explicit axiom- 
atization of Th(H, n) and build the monster model for the theory. In Section |4j we 
characterize the types over the emtpy set as positive linear functionals on A and 
prove quantifier elimination. In section [5J we characterize definable and algebraic 
closures. In Section [6j we give a geometric interpretation of forking and show weak 
elimination of imaginaries. Finally, in Section [3 we characterize orthogonality and 
domination of types. 

2. REPRESENTATIONS OF C* -ALGEBRAS AND BOUNDED POSITIVE LINEAR 

FUNCTIONALS 

This section deals with the representations of a C*-algebra and with bounded 
positive linear functionals. The main theorems here are Theorem l2.43l which gives a 
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canonical way to build representations of a C*-algebra called the Gelfand-Naimark- 
Segal construction; Theorem 12.491 that generalizes Radon Nikodim Theorem; and 
Theorem 12 . 321 which states that a representations of an algebra of compact oper- 
ators can be seen as a direct sum of representations on finite dimensional Hilbcrt 
spaces. 

Gelfand-Naimark-Segal construction will be very helpful in defining definable 
closures and forking between types. Theorem 12.321 we will be used in Section [3] 
to characterize the theory of (H, ir). The Gelfand-Naimark-Segal construction and 
Theorem 12. 491 will be used in Section [4] to show that positive linear functionals will 
correspond to types of vectors in H, and in Section [7] to prove that the relations 
of almost domination and orthogonality between positive linear functionals over A 
characterize domination and orthogonality between types. 

Definition 2.1. Let A be a complex Banach algebra. A is called a C*-algebra 
if there exists a map * : A — > A, called involution such that for all a, b € A and 
aeC: 

(1) (a + b)* =a* + b* 

(2) (ab)* = b*a* 

(3) (aa)* = aa* 

(4) (a*)* = a 

(5) \a*a\ = M 2 

Fact 2.2. C is a C*-algebra under complex conjugation. 
Definition 2.3. 

• Let S be a linear operator from H into H . The operator S is called bounded 
if the set {HSwl : u G H, \\u\\ = 1} is bounded in C. If S is bounded we 
define the norm of S by: 

||5|| = sup \\Su\\ 
«eH,||«||=i 

Let if be a Hilbert space. We denote by B(H) the algebra of all bounded 
linear operators from H to H . 



OPERATOR C* -ALGEBRAS ON HILBERT SPACES 5 

• Given a linear operator S : H — > H, its adjoint operator, denoted S* is 
the unique linear operator S* : H — > H such that for every u,v G H, 
(Su\v) — (u\S*v). 

Remark 2.4. The unicity of the adjoint comes from a duality relation between H 
and H'. See [21], Volume 1, Chapter VI, Section 2. 

Fact 2.5. B{H) is a C* -algebra under the adjoint operation. 

Remark 2.6. There are three important topologies on B(H): The norm topology, 
the strong and the weak. Strong topology is the topology of pointwise convergence. 
In weak topology Tjt — > T if for all u and w <E H, {T^v \ w) — > (Ti> | iy) 

Definition 2.7. Given a subset Ai C B(H), we define de commutant M! of AI 
the set, 

7W' = {S G S(fT) | VT G M, ST = TS 1 } 

Theorem 2.8 (Von Neumann Bicommutant Theorem. Theorem 2.2.2 in [20 ). Let 

M. be a sub C* -algebra of B(H) containing the identity. Then the following are 
equivalent: 

(1) M = M". 

(2) M. is weakly closed. 

(3) A4 is strongly closed. 

Definition 2.9. A C*-subalgebra of B(H) satisfying any of this equivalent condi- 
tion is called a Von Neumann algebra. 

Theorem 2.10 (Kaplanski densitiy theorem. Theorem 2.3.3. in [20]). Let A be 

a C* -subalgebra of B(H) with strong closure M. Then the unit ball Ball\{A) 
of A is strongly dense in the unit ball Ball\{M.) of M.. Furthermore, the set of 
selfadjoint elements in Ball\{A) is strongly dense in the set of self adjoint elements 
ofBalh{M). 

Definition 2.11. Let A be a C*-algebra. A representation is an algebra homo- 
morphism 7r : A — > B(H) such that for all a € A, n(a*) = (tt(o))*. In this case 
H is called an A-module. A Hilbert subspace H' C H is called an A-submodule or 
a reducing A-subspace of H if H' is closed under ir. H is called A-irreducible or 
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A-minimal if H has no proper non trivial .4-submodules. The set of representations 
of an algebra A on B(H) is denoted rep(A, B{H)). 

Definition 2.12. Let (H,ir) be a representation of a C*-algebra A. {H,tt) is 
called non-degenerate if for every nonzero vector v £ H, there exists a £ A such 
that Tr(a)v ^ 0. 

Fact 2.13 (Remark 2.2.4 in [2D]). A representation (H,tt) of an unital C*-algebra 
„4 is non-degenerate if and only if 7r(e) — I, where e is the identity of A and / is 
the identity of B(H). 

Assumption 2.14. From now on, every C*-algebra A will be assumed to have iden- 
tity e and every representation will be asumed to be non-degenerate. 

Fact 2.15 (Corollary 2.2.5 in [20]). Let A be a C* algebra and tt : A ->■ £(#) a 
nondegenerate representation of .A. Let A4 be the strong closure of ir(A). Then .M 
is weakly closed and Ai = A" . 

Let (H,ir) be a fixed representaton for a C*-algebra A. 

Definition 2.16. Two subrepresentations (_ffi,7Ti), (H2,tt2) of (H,tt) are said to 
be disjoint if no subrepresentation of (Hi, -k\) is unitarily equivalent to any subrep- 
resentation of {H2, 7^). 

Fact 2.17 (Proposition 3 in [TT], Chapter 5, Section 2). Two subrepresentations 
(i?i,7Ti), (fl2)7T2) of (H,tt) are disjoint if and only if there is a projection P in 
7r(^4)' ri7r(.4)" such that if Pi and P2 are the projections on Hi and H2 respectively, 
we have that PP 1 = Pi and (I - P)P 2 = P 2 - 

Definition 2.18. Given E C H and u £ H, we denote by: 

(1) the Hilbert subspace of H generated by the elements ir(a)v, where 
v £ E and a E A. 

(2) 7T E := {7r(a) f ^ | a £ A}. 

(3) (He,tte), the subrepresentation of (H,tt) generated by E. 

(4) the space He when i? = {u} for some vector v £ H 

(5) 7r« := 7Tb when E = {v}. 

(6) (H v ,ir v ), the subrepresentation of (iJ, tt) generated by v. 
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(7) Hp} , the orthogonal complement of He 

(8) Pe, the projection over He- 

(9) Pe±, the projection over H^. 

Remark 2.19. For a tuple v = (vi, . . . , v n ), by Pev we denote the tuple (PeVi, . . . , -Pe 

Definition 2.20. (if, 7r) is called cyclic if there exists a vector iv such that ir(A)v n 
is dense in if. Such a vector is called a cyclic vector for the representation (H,ir). 

Remark 2.21. For u G if, it is clear that u is a cyclic vector for A on ffi,. 

Notation 2.22. We say that (H,ir,v n ) is a cyclic representation if is a cyclic 
vector for (H,ir). 

Theorem 2.23 (Remark 3.3.1. in 20 ). Every representation can be seen as a 
direct sum of cyclic representations. 

Definition 2.24. Two representations (Hi, 7ri) and (i?2, ^2) are said to be unitarily 
equivalent if there exists an isometry U from H\ to Hi such that for every a G A, 
Um(a)U* = 7r 2 (a). 

Definition 2.25. Two cyclic representations (Hi,iri,vi) and ^2,^2, 1*2) are said 
to be isometrically isomorphic if there is an isometry U from Hi to i?2 such that 
for every a £ A, Uiri(a)U* — 772(a) and f/ui = i>2- 

Theorem 2.26 (Proposition 3.3.7 in [20] ). Two cyclic representations (Hi,tti,Vi) 
and (H2, ^2, V2) are isometrically isomorphic if and only if for all a € A, (Tti(a)vi\vi) 

{TT2(a)v 2 \v2) ■ 

Definition 2.27. Two representations (Hi, %i) and (H2, tt 2 ) are said to be approx- 
imately unitarily equivalent if there exists a sequence of unitary operators (U n ) n<lAj 
from Hi to Hi such that for every a £ A ^2(0) = linin^oo U n TTi(a)U* in the norm 
topology. 

Theorem 2.28 (Theorem II. 5. 8 in |12j). Two nondegenerate representations (Hi, 7Ti 
and (if 2, 712) of a separable C* -algebra on separable Hilbert spaces are approximately 
unitarily equivalent if and only if, for all a £ A, rank(iri(a)) = rank(iT2(a)) 
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Definition 2.29. A representation (H,tv) of A is called compact if tv(A) C IC(H), 
where IC(H) is the algebra of compact operators on H . 

Lemma 2.30 (Lemma 1.10.7 in |12j). Let A be an algebra of compact operators 
on a Hilbert space H. Every non-degenerate representation of A is a direct sum of 
irreducible representations which are unitarily equivalent to subrepresentations of 
the identity representation. 

Notation 2.31. For a Hilbert space H and a positive integer n, denotes the 

direct sum of n copies of H. If S e B(H), denotes the operator on W n ' given 
by S n (v 1: •■-,«„) = (Svi, ■ ■ ■ ,Sv n ). If B C B(") is the set {fiW | S* e 23}. 

Theorem 2.32 (Theorem 1.10.8 in 12 ). Let (H,tv) be a compact representation 
of A. Then for every i e Z + , there are a Hilbert spaces Hi and positive integers m 
and ki such that dim(Hi) = n, and 

H ~ fcr(vr(^)) © H\ ki) 
iez+ 

and 

tt(A) ~0© fc(JTi)(*> 

iez+ 

Remark 2.33. In case that ker(A) = 0, (.A no necessarilly unital) we have that this 
representation is non-degenerate. 

Remark 2.34. Recall that if i? e ©iez+ KL{Hip ki \ then there is a sequence (-Rj)jgz+ 
such that i?i € K(Hi)( ki > and i? = X)iez+ ^» m ^ ne norm topology. This means, in 
particular, that lim^oo = 0. 

Definition 2.35. Let (H,ir) be a representation of A. We define: 

The essential part of ir: It is the C*-algebra homomorphism, 

7r e := pon : A^ B{H)/IC(H) 

of 7r(^4), where p is the canonical proyection of B(H) onto the Calkin Al- 
gebra B{H)/K{H). 
The discrete part of tv: It is the restriction, 

ltd ■ ker(n e ) — !• K(H) 
a — > tv (a) 
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The discrete part of ir(A): It is defined in the following way: 

n (A) d :=ir(A)n]C(H). 

The essential part of ir(A): It is the image Tr(A) e of ir(A) in the Calkin 
Algebra. 

The essential part of H: It is defined in the following way: 

H e := ker(7r(X) rf ) 
The discrete part of H: It is defined in the following way: 

H d := ker(Tr(A) d ) x 

The essential part of a vector v € -ff : It is the projection ii e of v over i? e . 
The discrete part of a vector v £ H: It is the projection Vd of i> over Hd- 
The essential part of a set E C H: It is the set 

£ e := K | t- e £} 

The discrete part of a set G C H: It is the set 

E d := {v d \ve G} 

Remark 2.36. Let (H,ir) be a non-degenerate representation of A. By Theorem 
12.321 for every i e Z + , there are a Hilbert spaces Hi and positive integers rii and 
fci such that dim(TJj) = and 

Definition 2.37. Let „4' be the dual space of A An element (j) £ A' \s called 
positive if <j)(a) > whenever a € A is positive, i.e. there is b £ A such that 
a = b*b. The set of positive functionals is denoted by A' + ■ 

Lemma 2.38. Let A be a C* -algebra of operators on a Hilbert space H, and let 
v € H. Then the function <fi v on A such that for every S € A, 4> V (S) — {Sv \ v) is 
a positive linear functional. 

Proof. Linearity is clear. Let S be a positive selfadjoint operator in A, let Q 
be its square root, that is, an operator such that S — QQ*. Let v G H\ then 
(Sv | v) = (Q*Qv | v) = (Qv | Qv) > □ 
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Definition 2.39. Let be a positive linear functional on A. Let 

A 2 (A,<p) = {aeA \ 4>{a*a) < oo}/ 
where a\ a,2 if <j)(a\a2) — 0. For (a)^, (&)~ £ A 2 (A, 4>), let 

<(a)~, I (&K><# = 

Remark 2.40. The product (• | is a natural inner product on the space A 2 (^4, (f>)(see 
[UJ page 472). 

Definition 2.41. We define the space L 2 (A, </>) to be the completion of A 2 (A,(f>) 
under the norm defined by (■ | •)$. 

Definition 2.42. Let <j> be a positive linear functional on A. We define the rep- 
resentation M,)) : A B (L 2 (A, 4>)) m the following way: For every a S A and 
(b)^ e i 2 (A0), let M*(o)((6)~,) - (a&)~,. 

Theorem 2.43 (Theorem 3.3.3. and Remark 3.4.1. in [20]). Lei be a positive 
functional on A. Then there exists a cyclic representation (if^, v$) such that for 
all a € A, <p(a) — (■K c f,{a)v ( j > \v^) . This representation is called the Gelfand-Naimark- 
Segal construction. 

Proof. Take (L 2 (A, <f> v ), M^,(e)^). Note that 

(M „(a)(e)^ | (e)^J = ((o)~^ | (e)^J = <^(a • e) = cj> v {a). 

□ 

Theorem 2.44. Let v E H . Then (H v , tt v , v) ~ (L 2 (A M^, (e)^ ). 

Proo/. By Gelfand-Naimark-Segal Theorem E33] and Theorem E26J □ 

Definition 2.45. We define the following (see [20]): 

(1) A positive linear functional <f> on A is called a quasistate if ||0|| < 1. 

(2) The set of the of quasistates on A is denoted by Qj^. 

(3) In the case where \<t>\ = 1, the positive linear functional <f> is called a state. 

(4) The set of states is denoted by S_a. 

(5) A state is called pure if it is not a convex combination of other states. 

(6) The set of pure states is denoted by PS a- 
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Definition 2.46. Let and ip be positive linear functionals on A. 

(1) They are called orthogonal (0 _L ip) if |0 — ip\\ = |0|| + |0||. 

(2) Also, is called dominated by ip {<t> < "0) if there exist 7 > such that the 
functional yip — is positive. 

Fact 2.47 (Lemma 3.2.3 in 20 ). Let and ip be two positive linear functionals 
on A. Then, <p _L ip if and only if for all e > there exists a positive element a E A 
with norm less than or equal to 1, such that 0(e — a) < e and "0(a) < e. 

Lemma 2.48. Let <p\, 02, ipi and ip2 be positive linear functionals on A such that 
4>i < 02 and ipi < ip2- If 4>2 -L 02, then 0i _L 0i. 

Proof. Let 71 > and 72 > be such that 71 02 — <fti and 7202 — 01 are positive. 

By Fact I2.47i for e > there exists a positive a E A with norm less than or equal to 

1 such that 2 (e - a) < and ip 2 (a) < ^f^- Then (p x (e - a) < 7i0 2 (e - a) < 

< e and 0i(a) < 720 2 (a) < < e. □ 

71+72 r v y — / 71+72 

Theorem 2.49 (Generalized Radon-Nikodim Theorem in [T7]). Let tt : A ->• B(-ff) 
&e a representation and let v, w E H . Then (p v < 0m «/ and on/y i/ f/iere exists a 
bounded positive operator P : H w — > £/ia£ commutes with tt(A) and P(w) = v. 

Definition 2.50. Let (Hi,iVi) for i E L be a family of representations of A. We 
define a representation ©7Tj on ©if j in the following way: Let v = J^. Vi and aei, 
®TTi(a)v = J2i 

Definition 2.51. We define the following: 

• A subset F C Sa is called separating if for every aei, 0(a) = for every 
G F implies that a = 0. 

• Let € Sa- is said to be faithful if for every a E A+, 0(a) = implies 
that a = 0. A faithful representation is a representation (if, n) such that if 
7r(a) = then a = for a e A+. 

Notation 2.52. For each € £4, let (H^,tt^,) be the Gelfand-Naimark-Segal con- 
struction of 0. For F C Sa let (H f ,-k f ) = (©^ e j?ff^, ©0gf7t</.)- 

Theorem 2.53 (Proposition 3.7.4 in [2D])' -f C 5^ is separating, then (Hf,ttf) 
is a faithful representation. 
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Definition 2.54. The representation (Hs A ,irs A ) is called the universal represen- 
tation. 



3. THE THEORY OF (H,n) 

In this section we use some results from section 2 to provide an explicit axioma- 
tization of Th(H, it). The main tool here is Theorem 12.281 which is mainly a conse- 
cuence of Voiculescu's theorem (see [H]). This Theorem states that two separable 
representations (Hi, 7ri) and (i?2 ; 7r 2) of a separable C*-algebra A are approximately 
unitarily equivalent if and only if for every a G A, ranker (a)) =rank(7r 2 (a)). This 
last statement can be expressed in continuous first order logic and is the first step 
to build the axiomatization we mentioned above. Lemma 13.71 Theorem 13.81 and 
Corollary 13.141 are remarks and unpublished results from C. Ward Henson. 

Lemma 3.1. If S : H — > H is a bounded operator, S is non- compact if and only 
if for some As > 0, S(Balli(H)) contains an isometric copy of the ball of radius 
As °f V 2 there exists an orthonormal sequence (Wj)ieN Q S(Balh(H)) and a 
vector sequence (iti)i 6 N C Ball\(H) such that for every i G N, Sui — AsWi- 

Proof. Suppose S is non-compact. Then there is a sequence Q Balli(H) 

such that no subsequence of (Su^ieN is convergent. By Grahm-Schmidt process 
we can assume that (Su^^n is an orthogonal sequence. Since no subsequence 
of (Su-)ieN converges, we have that liminf{|| Sit -|| | i G N} > (otherwise there 
wuould be a subsequence of Su^ converging to 0). Let As := hmini ^ s ^^ I ' gN ^ > 0. 
For i G N, let Ui :— j§ir\\ ano - w « := ||s"'|| • Without loss of generality, we can asume 
that for all i G N, \\Su[\\ > A s and therefore \\ui\\ < 1. Then, S Ui = S(-p^|) = 

On the other hand, suppose there are As > 0, an orthonormal sequence (ifi)ieN ^ 
S(Ball\(H)) and a vector sequence (ui)igN Q Balh(H) such that for every i G N, 
Su{ = AsWi. Then no subsequence of (Sui)i^ converges and 5* is non-compact. □ 

Remark 3.2. If in Lemma T3.ll \\S\\ < 1, it is clear that As < 1. 
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Lemma 3.3. Let a G Ball\(A) be such that 7r(a) is a non-compact operator on H. 
Let \„r a ), (ui)ieN and (wi)i^n as described in Lemma Um Then, for every n€N 

(1) (H,ir) \= inf inf max (|(iOj | Wj) - Sij\, \aU{ - A^Wil) = 

ui,U2---u n wi,W2---w n 1,3= I,-- ,n 

Proof. This condition is a continuous logic condition for: 

(2) 3uiu 2 ■ ■ ■ u n 3wiw 2 ■ ■ ■ w n A ( f\ (wi | to,) = <%)A 

— 1,--- .n 

A ( /\ atii = A 7r(a) w i ) 

i=l,"- ,n 

where 5^- is Kronecker's delta. By Lemma 13.11 this set of conditions says that 
ir(a)(Balli(H)) contains an isometric copy the ball of radius A,r( a ) of I 2 . □ 

Remark 3.4. It is an easy consecuence of Riesz representation theorem that if 
S : H — > H is an operator with rank n, then there exist two orthonormal families 
Ei := {«!,••• ,v n }, E 2 := {w\,--- ,w n } and a family {a,, . . . , a n } of non-zero 
complex numbers such that for every v G H , Sv = ^~V._ T | Ui)wi. Furthermore, 
if R is a compact operator, there is a complex sequence (ai) ig N+ such that for every 
v € H , Sv — J2"—i cti(v | Ui)uii. If ||5|| < 1, then for every i, \cti\ < 1. 

Lemma 3.5. Let n G N and a G Ball\(A) be such that rank(ir(a)) — n. Let 
{ai, . . . ,a„} complex numbers as described in \3.4\ Then 

(3) (H, 7r) |= inf inf sup max (\{v,i \ Uj) - 8 lj |, \{wi | Wj) - 5ij\, 

U±U2 ■■■U n W±W2 m m ■U)n y — 1---TI 

71 

, \\av - y^ttjjv I v>i)wi)\\) = 
fc=i 

Proof. This condition is a continuous logic condition for: 

(4) 3uiu 2 ■ ■ ■ u n 3wiw 2 ■ ■ ■ w n ( y\ (ui \ Uj) = 6ij A (wi \ Wj) = 6ij)A 

i,j=l,"' ,n 

n 

A \fv(av = a>i(v \ Ui)Wi) 

k=l 

where <Jy is Kronecker's delta. □ 

Remark 3.6. If Condition |3] is valid for some a G A, by Remark 13.41 it is clear that 
7r(a) has rank n. 
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Recall that all C* -algebras under consideration are unital and all representations 
are nondegenerate. However, in the next lemma we do not use the hypothesis that 
A is unital. 

Lemma 3.7. Let Abe a separable C* -algebra of operators on the separable Hilbert 
space H, and ~k\ and 1T2 two non-degenerate representations of A on H. Then the 
structures (H, 7Ti ) and (H, n 2 ) are elementarily equivalent if and only if TTi and H2 
are approximately unitarily equivalent. 

Proof. Suppose (H,tt±) = (H,^)- Let a S Balli(A) and assume that 

rank(7Ti(a)) = n < 00 then Condition ([3]) will hold for n = tti. By el- 
ementary equivalence, Condition ([3]) will hold for tt = 1T2 and therefore 
rank(7Ti(a)) = n. In the same way, if rank(7Ti(a)) = 00, Condition ([T]) will 
hold for every n with respect to By elementary equivalence, Condition 
(flj) will hold for every n with respect to tt2 and rank(7T2(a)) = 00. This 
implies that the hypotesis of Theorem 12.281 hold, and therefore iri and tt2 
are approximately unitarily equivalent. 
<S= Suppose 7Ti and 1^2 are approximately unitarily equivalent. Then, there 
exists a sequence of unitary operators {U n ) n<u , such that for every a € A, 
7T2(ci) = linin->co U n Tti(a)U*. Let J 7 be a non-principal ultrafilter over N. 
Let (ffi.Tfi) =H u {H,U n TV 1 {A)U*) and let {H 2 ,Tt 2 ) = n u {H,7T 2 ). It follows 
that (Hi,tti) ~ (H2,tt 2 ) and (H,tti) = (H,ir 2 )- 

□ 

Theorem 3.8. Let A be a C* -algebra, H\ and H 2 be Hilbert spaces, and tt\ and 
7T2 be two representations of A on H\ and H2 respectively. Then the structures 
(-ffi,7Ti) and (H2,iT2) are elementarily equivalent if and only if for all a G A, 
rank{iti{a)) — rank{'K2{a)) . 

Proof. =>: Suppose (Ui,7ri) and (^2,1^2) are elementarily equivalent and let 

a E A. By Theorem 13.31 and Theorem 13. 5[ rank(7r(a)) = n or 00 is a set of 
conditions in L(A). By elementary equivalence, rank(7Ti(a)) = rank(7T2(a)). 

Let (-ffi,7Ti) and (#2, 712) be such that rank(7Ti(a)) = rank(7T2(a)), and 
let 4>{a\, • • • , a n ) = be a condition in L(A). Let A C A be the unital 
sub C*-algebra of A generated by a — (a%, ■ ■ ■ , a„), and %\ and if 2 be the 
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restrictions of 7Ti and 1T2 to A (note that 7ri(e) = I = 7ri(e)). Then A is 
separable and by Lowenheim-Skolem Theorem and Fact 12 .131 there are two 
separable non-degenerate representations (Hi,fti) and (^2,^2) which are 
elementary substructures of (-Hi, 7Ti) and (H 2 , ^2) respectively. By Theorem 
[2728] (Hi, iri) is approximately unitarily equivalent to (H 2 ,tt 2 ). By the 
previous lemma, (Hi,tti) and (H^,^) are elementary equivalent. 

Then, (H\,it\) |= 4>(ai, ■ ■ ■ ,a n ) = if and only if (H 2 , tt 2 ) \= 4>(ai, ■ ■ ■ ,a n ) = 
0. But (H, 7Ti) ^ 4>(ai, ■ ■ ■ , a n ) = if and only if (Hi, tti) \= <f>(ai, ■ ■ ■ ,a n ) = 
and (H,tt 2 ) \= <j>(ai,- ■ ■ ,a n ) = if and only if (H 2 ,tt2) \= <t>(ai, ■ • • ,a„) = 
0. Then (H, tti) \= 4>(ai, • • • , a n ) — if and only if (H, -k 2 ) |= </>(ai, ■ ■ • , a n ) = 
0. 

□ 

Definition 3.9. Let T w be the theory of Hilbert spaces together with the following 
conditions: 

(1) For v e Balh(H) and a, b e Balh(A): 

(ab)v = (ab)v = a(bv) 

(2) For v £ Balh(H) and a, b £ Balh(A): 

(4^)(«) = ^(v) = ^ L 

(3) For v, w £ Balli(H), and a £ Balh(A): 

• ( v-\-w \ av+aw 

U V 2 ) ~ 2 

(4) For v £ Balh(H) and a £ Balh(A): 

(dv I w) = (v \a*w) 

(5) For v £ Balh(H) and a £ Balh(A): 

sup(|HHMIIMI) = o 

v 

infmax(|H-lU|H|-NI I) = 

V 

(6) For v £ Balli(H) and e the identity element in A: 

(ie)v = iv 
ev = v 
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(7) For a G Balh(A) such that 7r(a) is a non-compact operator on H. Let 
Awa); (^i)iGN and (wi)igN as described in Lemma T3. II For neN 

inf inf max (\(w l | Wj) - £w|,|ai«i - A^WiQ = 

(8) For a G Balli(A), such that rank(7r(a)) = n G N. Let ai,--- , a„ be 
complex number as described in Remark 13.41 

3uiu 2 ■ ■ ■ u n 3wiw 2 ■ ■ ■ ii)„( f\ (u>j | to^) = 5ij)A 

z,j=l,-" ,n 

n 

A Vv(ai> = Vjaj(i> | Ui)Wi) 

k=l 

Remark 3.10. We gave in Lemmas l3.3l and r3.5l the complete continuous logic formal- 
ism only for the last two conditions. Conditions in Item ([5]), are natural continuous 
logic conditions that say that ||7r(o)|| = ||a||. The translations for the other con- 
ditions to the continuous logic formalism are straightforward and are left to the 
reader. 

Remark 3.11. Second condition in Item © implies that the representation is non- 
degenerate. 

Remark 3.12. Since the rationals of the form ^ are dense in R, Item ([3]) and Item 
((6]) are enough to show that for all v G Balli(H) and all a G Balli(A), we have 
that (Xa)v = X(av). 

Remark 3.13. We omit an explicit condition describing compact infinite rank op- 
erators in ir(A) because they completely determined by the finite rank operators in 
n(A). 

Corollary 3.14. T v axiomatizes the theory Th(H,ir). 

Proof. By Theorem [3H □ 

Lemma 3.15. Let {H\,ir\) and (H^,^) be two non-degenerate representations of 
A. //(ifi,7Ti) = (H 2 ,n 2 ) then (7Ti) d ) ~ {(H 2 ) d ,{TT 2 ) d ). 

Proof. For a given representation 7r, let ^(A)f be the (not necessarilly closed) 
algebra of finite rank operators in ir(A). If (Hi,wi) = {H 2 ,tt 2 ), by Lemma [3.51 
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■k i (A) f — Tf2{A) / and by density of it {A) / in n(A)d, we have that TTi(A)d — ^(A) el- 
Let B := iri(A)d — TT2[A)d- Since (Hi)d and (H 2 )d are the orthogonal complements 
of ker(B) in Hi and H 2 respectively, we get that ((-ffi)d, {^i)d) and ((H2)d, (7r 2 )d) 
are non-degenerate representations of B. Then by Lemma T2.30I and Theorem I2.32[ 
{(H 1 ) d ,(n 1 )d)^{(H 2 )d,(7r 2 ) d ). □ 

Theorem 3.16. Let (Hi,iri) and (-ff 2 ,7r 2 ) be two representations of A. Then 
(Hi,7Ti) = (-ff 2 ,7r 2 ) if and only if 

{(H^ddmh) * ((H 2 )d,(^2)d) 

and 

((ffl) e , (7Tl) e ) = ((H 2 ) e , (7T 2 ) e ) 

Proo/. ByTheorem[3JJ (#i,7Ti) = (# 2 ,tt 2 ) if and only if (7Ti) d ) = {{H 2 ) d , {ir 2 ) d ) 

and ((-ffi)e, (i"i)e) = ((-Haje, (7T2)e). By Lemmal3T5J this is equivalent to ((-ffi)d, (7Ti)rf) — 
(CHa)«j, (7r 2 )«i) and ((ff 1 ) e , (7n) e ) = ((H 2 ) e , fo)e). □ 

fiemart 3.17. For ECH, {H E ) e = H Be and {H E )d = H Ed 

Lemma 3.18. Let v G H^. Then v is algebraic over 0. 

Proof. If t> G Hd by Theorem 12.321 there exist a sequence Vi of vectors in Hd such 
that Vi € if.- , and u = X)i>i w fc- Given that \\vk\\ — >• when fc — ^ 00, the orbit of 
f under any automorphism U of (if, 7r) is a Hilbcrt cube which is compact, which 
implies that v is algebraic. □ 

Lemma 3.19 (Proposition 2.7 in [18]). Let A4 and Af be C-structures, ACM 
and B C N. Lf f : A —> B is an elementary map, then there is an elementary map 
g : clcIm(A) — > aclfj(B) extending f. Moreover, if f is onto, then so is g. 

Remark 3.20. Any elementary map is 1-1 so the previous Lemma implies that a 
bijective elementary map can be extended by a bijective elementary map to the 
algebraic closures. 

Recall from Definition I2.45l that S_a denotes the collection of states of A. 
Definition 3.21. Let Hs A be the space, 

H Sa =®^ Sa L 2 {A, 0) 
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and let tts a be, 

ns A — ®<pes A M ( j > , 

Theorem 3.22. Let k > \Sa\ be such that c/(k) = k. Then the structure 

is k universal, k homogeneous and is a monster model for Th(H, it). 

Proof. Let us denote (H k ,tt k ) just by (H,tt). 

(H,7t) \= Th(H, tt): For every a £ Ball\{A), if rmik(a) = oo in H e , then 
rank(a) = oo in H e and if rank(a) = in H e , then rank(a) = in H e . By 
TheoremEJl](# e ,7r e ) = (H e ,n e ). By TheoremEHU (iJ, tt) = (H,n). 

^-Universality: Let {H 1 , it') (= Th(H, tt) be a model with density less than k. 
Theorem 13. 161 (H',ir' d ) ~ (H d ,jfd) — (H d ,TT d ). Then without loss of gener- 
ality we can asume that tt(A) — ir(A) e - By Theorem l2.23[ there exists a set 
/ and a family {Hi,iTi,Vi)i^i of cyclic representations such that (H',tt') — 
© i6J (.H<,7rO. ByTheoremEH (H Vi ,TT Vi ,Vi) ~ (£ 2 (.A, <^), , (e)^ ). 
Since the density of (H',n') is less than k, the size of I is less than k and 
clearly (H',tt') is isomorphic to a subrepresentation of (H,tt). 

^-Homogeneity: Let U be a partial elementary map between E, F C H 
with |£| = |F| < k. 

(1) We can extend U to an unitary equivalence between He and Hp: Let 
ai, a2 £ A and ei, e2 € E. Then we define [7(7r(ai)(ei)+7r(a2)(e2)) := 
7r(ai)(/7(ei)) + 7r(a2)(J7(e2)). After this, we extend this constuction 
continuously to Hp- 

(2) We can extend U to an unitary equivalence between {H d © He s ) and 
(H d ®H F J: By LemmaEHl (H d ®H Be ) C acl s (E) and (H d ®H F J C 
aclfj(F). By Lemma 13.191 we can extend [7 in the desired way. 

(3) We can find an unitary equivalence between (ff^ © He ( ,) ± and (i/<z © 
Hp e )^-\ Given that = \F\ < re, there are two subsets C\ and C2 
of k such that © HpJ 1 - = Cl H PS ^ A)e and (F d © -ffijj- 1 = 
©c 2 Hps^ {A)c ■ We have that |Ci| = C2 = re and therefore, 

0(^ M)c , 7r s , (A)e ) =i 0(#s„ (A)e , ns w(A)e )■ 

C± C2 
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Let U' an isomorphism between 

) and 0(#s^ 

C\ C2 

(4) Let v G H K . Then v = V4 + Ve b + v E ±, where ve c '■= Pe c v and 
v E ± := P E ^v. Let w := Uv d + Uv Ec + U'v E ±, and U" := U © U' . 
Then w and U" are such that U" is an automorphism of H K extending 
U such that U"v = w. 

□ 

Remark 3.23. By Rcmark l2.36[ for every i G Z + , there are a Hilbert spaces Hi and 
positive integers rij and fcj such that dim(_ffi) = n, and 

and 

tt(A) s K,{Ht ] ) ©0(©0es^M ). 

4. TYPES AND QUANTIFIER ELIMINATION 

In this section we provide a characterization of types in (H, it). The main results 
here are Theorem 14. 31 and Theorem 14.61 that characterize types in terms of subrep- 
resentations of (H, it) and, its consecuence, Corollary 14.71 that states that has 
quantifier elimination. As in the previous section, we denote by (H, ff) the monster 
model for the theory as constructed in Theorem 13.221 

Remark 4.1. An automorphism U of (H, it) is a unitary operator U on H such that 
Un(a) = n(a)U for every a £ Balli(A). 

Proof. Asume U is an automorphism of {H,ii). It is clear that U must be a linear 
operator. Also, for every v,w G H and ir(a) G A, we must have that U(ir(a)v) = 
■n(a)(Uv) and (Uv\Uw) — (v \ w) by definition of automorphism. Therefore £/ must 
be unitary and commutes with the elements of it (A). Conversely, if U is an unitary 
operator commuting with the elements of ir(A), then U is clearly an automorphism 
of(i2». □ 
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Lemma 4.2. Let 

&e as m Theorem \2.32\ . Let v G H^ k ^ for some i G Z + and let U G Aut{H, 7r). 
TTiera C/i; G iff^. 

Proof. By Theorem l2.32| 7r(.A)d = it {A) n /C(iT) can be seen as: 

By Theorem l4.1[ any automorphism U G Aut((£f, 7r)) commutes with every element 
of it (A), in particular with any element K of K(H- k ^). Thus, if v G H- k ^ and 
K G JC(H( ki) ), KUv = UKv. This implies that [/w G H^ ki) . □ 

Theorem 4.3. Let v, w E H. Then tp(w/0) = tp(w/$) if and only if (H v ,ir v ,v) is 
isometrically isomorphic to (H w ,it w ,w). 

Proof. Let us suppose that tp{v/%) = tp{w/$). Then there is an automorphism 
U of (i?,7r) such that t/i> = it). Therefore the representations (H v ,ir v ,v) and 
(H w ,ir w ,w) are unitarily equivalent and therefore (H v ,tt v ,v) is isometrically iso- 
morphic to (H w ,tt w ,w). 

Conversely, let (H v ,tt v ,v) be isometrically isomorphic to (H w ,n w ,w). By The- 
orem [3221 (H V ,7T V ) and (H w ,tt w ) can be seen as subrepresentations of (H,tt). 
Given that (H v ,tt v ,v) and (H w ,tt w ,w) are isometrically isomorphic, by Theorem 
12.321 Theorem 13 . 2 2 1 and Remark 13.231 the decompositions of (H v ,ir v ) and (H w , ir w ) 
into cyclic representations are isometrically isomorphic too, and therefore and 
H^j are isometrically isomorphic. Then we get an automorphism of (H, n) that 
sends v to w, and v and w have the same type over the empty set. □ 

Theorem 4.4. Let v,w G H. Then tp(v/$) — tp(w/$) if and only if <j) v = 4> w , 
where <j) v denotes the positive linear functional on A defined by v as in Lemma \2.3£\ 

Proof. Let v and w G H be such that tp(t>/0) =tp(w/0). Then qftp(v/0) =qftp(io/0) 
and therefore, for every a G .A, (7r(a)u|?;) = (ir(a)w\w). But this means that 

Conversely, if <f> v — <j) w , by Theorem l2.261 (H v ,tt v ,v) is isometrically isomorphic 
to (H w ,n w ,w) and by Theorem l4~3ltp(W0) =tp(to/0). □ 
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Lemma 4.5. Let E C H, U e Aut(H, n). Then U e Aut{{H, n)/E) if and only if 
U \ (H e ,tte) = Id (HE ,TT E )- 

Proof. Suppose that U \ (He^tce) = Id^ HE ^ E y Then, U fixes He pointwise, and, 
therefore, fixes E pointwise. Conversely, suppose U E Aut((H,ir)/E). By Remark 
14. H U is an unitary operator that commutes with every S G n(A). Then for every 
S € ir(A) and v G E, we have that U(Sv) = S(Uv) = Su. So J7 acts on H E like 
the identity and the conclusion follows. □ 

Theorem 4.6. Let v and w € H and E C H . Then tp(v/E) —tp(w/E) if and only 
ifP E (v) = PeH and tp{P^{v)/%) =tp{P^(w)/$). 

Proof. =>: Suppose tp(v/E) =tp(w/E). Given that tp(v/E) =tp(w/E), there 

exists U e Aut((£T , tt) / E) such that Uv = w. By Lemma 1431 U \ 
(H e ,ite) = /d(H B)7rB ) and P E (v) = U(P E (v)) = P E (w). On the other 
hand, U{P^{v)) = P^(w) and therefore tp(P^(«)/0) =tp(P^(w)/0). 

Asume P E (v) = P E (w) and tp(P^(u)/0) =tp(P^(w)/0). Then there 
exists an automoprhism U of (H, tt) such that U(P E ~(v)) = P^(w). Let U = 
Id HE ffi (U \ Hg). Then, by Lemma[L5j U is an automorphism of (H, tt) 
that fixes E pointwise and Uv — w. This implies that tp(v/E) =tp(w/E). 

□ 

Corollary 4.7. The structure (H,ir) has quantifier elimination. 

Proof. This follows from Theorem 14.61 that shows that types are determined by 
quantifier-free conditions contained in it. □ 

Recall that weak* topology in A' (the Banach dual Algebra of A) is the coarsest 
topology in A' such that for every aGi, the function F a : A' C is continuous, 
where F a ((f>) = 4>{a) for a £ A and (f> E A'. 

Theorem 4.8. The stone space Si{Th{H,ir)) (i.e. the set of types of vectors of 
norm less than or equal to 1) with the logic topology is homeomorphic to the quasi 
state space Qa with the weak* topology. 

Proof. We consider types of vectors with norm less than or equal to 1. Similarly, 
we consider positive linear functionals with norm less than or equal to 1, that is, 
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the quasi state space Qa- By Theorem 14. A\ types of vectors in H are determined 
by the corresponding positive linear functionals, so there is a bijection between 
Si(Th(H,n)) and Q A . 

To prove bicontinuity, let h : Si(Th(H,ir)) — > Qa be the previously defined bijec- 
tion. Let X be a weak* basic open set in Qa] then there exists an open set VCC 
and an element a £ A such that for every <f> G Qa ; we have that cf> G X if and only 
if 0(a) 6 V. For </> G X let be a cyclic vector such that </> = . Then for every 
(del, {ir{a)v^ | G V but this condition defines an open set in Si(Th(H,n)). 
Conversely, by quantifier elimination, every basic open sets X in the logic topology 
in Si(Th(H, it)) can be expresed as finite intersection of sets with the form: 

{p G Si(Th(H, Tr))\v <j) ^p=> {n(a)v^ | v$) G V} 

where FCC open. Each of this sets is in correspondence by h with a set of the 
form 

{4> e Qa \ (7r(a)w0 | ity) e V} 
which defines an open set in Qa- O 

5. DEFINABLE AND ALGEBRAIC CLOSURES 

In this section we give a characterization of definable and algebraic closures. 
The results here are consequences of Theorem 12.431 and Theorem 12.321 Gelfand- 
Naimark-Segal construction is a tool for understanding definable closures (see The- 
orem I2.44[) . Algebraic closures are studied with the help of Theorem 12.321 

Theorem 5.1. Let E C H . Then dcl(E) = H E 

Proof. From Lemma [4751 h is clear that He C dcl(E). On the other hand, if v € 
He, let A G C such that / ^ 1 and |A| = 1. Then, the operator U := Id,H E © ^Id H ± 
is an automorphism of {H, tt) fixing E such that Uv ^ v. □ 

Lemma 5.2. Let v G H e . Then v is not algebraic over 0. 

Proof. We can asume that (H, tt) is the monster model with density K > 2 N °. Then 
there are k vectors V{ for i < n such that every m has the same type over as v. 
This means that the orbit of v under the automorphisms of (H, tt) is unbounded 
and therefore v is not algebraic over the emptyset. □ 
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Lemma 5.3. Let v € H such that v e ^ 0. Then v is not algebraic over 0. 

Proof. Clear from previous Lemma T5 .21 □ 

Theorem 5.4. ad(0) = #d 

Proo/. By LemmaEjU C acZ(0) and, by Lemma[01 <zd(0) C H d . □ 

Theorem 5.5. Let E C iJ. TTien acl(E) is the Hilbert subspace of H generated by 
dcl(E) and ad(0). 

Proof. Let G be the Hilbert subspace of 7? generated by dcl(E) and ad(0). It 
is clear that G C acl(E). Let w 6 acl(E). By Lemma 13.181 u<j € ad(0), and 
by Theorem 15.11 and Lemma [OJ v e € dcl(E) \ ad(0). Then w e € dcl(E) and 
ad(£) C G. □ 

6. FORKING AND STABILITY 

In this section we give an explicit characterization of non-forking and prove 
that Th(H,Tr) is stable. Henson and Iovino in [19], observed that a Hilbert space 
expanded with a family of bounded operators is stable. Here, we give an explicit 
independence relation that has the properties of non-forking in superstable theories. 

Definition 6.1. Let E, F, G C H. We say that E is independent from G over F 
if for all v e E P ac i {F ){v) = P ac i(FuG)(v) and denote it E J^* G. 

Remark 6.2. Let v, w 6 i? n . Then, w is independent from u) over if and only if 
for every j,k = l,...,n, H {Vj)c 1 H (Wk)<i . 

Remark 6.3. Let v, w € if" and E <Z H. Then, w is independent from w over _E if 
and only if for every j,k = l,...,n, H P ± {v . )e 1 H P ± {Wk)a . 

Remark 6.4. Let v S i? Tl and E, F C iJ. Then u ^ an d onr y if f° r every 

j = l,...,n Vj X* E F tnat is > for au J =l,...,n P a cl(E){Vj) = Pacl(EuF)(Vj) 

Theorem 6.5. Let E C F C H , p £ S n (E) q <E S n (F) and v = (vi,...,v n ), 
w = (vi, . . . , v n ) G H n be such that p — tp{v / E) and q — tp{w / F). Then q is an 
extension of p such that w F if and only if the following conditions hold: 
(1) For every j = 1, . . . , n, P a d{E){v ) = P acl{F) {wj) 
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(2) For every j = l,...,n, {H p x^ e)V . , Wpx^. > p Li(e) v j) is isometrically iso- 
morphic to (H P ± imW .,%p± Hp)W .,P^ d{F) Wj) 

Proof. Clear from Theorem 14.31 and Remark 16.21 □ 

Remark 6.6. Recall that for every F C H and v G H, P^i/^) v ~ (Pi; v )e- 

Theorem 6.7. J_/ is a freeness relation. 

Proof. By Remark 16.41 to prove local character, finite character and transitivity it 
is enough to show them for the case of a 1-tuple. 

Local character: Let v G H and F C H. Let w — (P ac i(E)( v ))e- Then there 
exist a sequence of (Ife)fegN Q N, a sequence of finite tuples (a\, . . . ,af k )keN 
A and a sequence of finite tuples (ef , . . . , e? jJfceN C F such that if Wk ■— 
n ( a j) e j Ior G N, then tu^ — > w when fc — » oo. Let F = {e^ | j = 
1, . . . , / fe and fc G N}. Then u J_,^ £ and |F = N . 

Finite character: We show that for v G H, E, F C i?, u X* F if and only 
if v J_^Fo for every finite Fq C F. The left to right direction is clear. 
For right to left, suppose that w -F- Let w = P a d(EUF)(v) ~ P a cl(E)(v)- 
Then w G acl(F U F)\acl(F). 

As in the proof of local character, there exist a sequence of pairs rifc)fceN C 
N 2 , a sequence of finite tuples (af, • • • > a * h + nfc )fceN £ -4 and a sequence 
of finite tuples (ef , . . . , ef fc , jf, . . . , fnjken such that (e^,...,efj C F, 
(/* , . . . , /„ fe J feeN C F and if ™ fe := £< fc =1 7r(aJ)e* + ££i *r(a* +,,.)# for 
fc G N, then Wk ^ w when /c — > oo. 

If « X* E F, then u, = P oci(E uF)(u) - Pad(E)(v) + 0. For e - ||w|| > 
there is fc e such that if k > k e then \\w — Wk\\ < e. Let Fo := {/j 1 , . . . , fce } 
Then Fq is a finite subset such that v ^ Fq. 

Transitivity of independence: Let v G H and E C F C G C if. If 
w i.BGthenF acZ(B )(i;) = P oc j(g)(«)- It is clear that P ac i(E) («) = P ac i(F){v) = 
Pad(G) (v) so v ^* E F and u X F G. Conversely, if v X F F and u -Lf G > 
we have that P ac i( E) {v) = P ac l(F)(v) and F ad(F) (u) = F acZ(G) (w). Then 
Pad(E)(«) = Pad(G)(v) and »XgG. 

Symmetry: It is clear from Remark 16.31 
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Invariance: Let U be an automorphism of (H,ir). Let v — (vi, . . . , v n ),w = 
(wi, . . . , w n ) G H n and E C H be such that v ^J* E w. By Remark l6.3l this 
means that for every 7, k = 1, . . . ,n H P ± /,, \ _L H P ± /,„ \. It follows 
that for every j, k = 1, . . . , n H p^ l{UE) (Uv ) -L H P^ HUE) (Uw k ) and, again by 

Remark [Ol ?7u i.* d (c/B) t/w ' 
Existence: Let (if, ff) be the monster model and let E C _F C if be small 
sets. We show, by induction on n, that for every p G S n (E), there exists 
5 G S n (F) such that q is a non- forking extension of p. 

Case n = 1: Let u 6 if be such that p = tp(v/E) and let (H',ir',u) := 
(L 2 (A0 ( px !(B)U) )e,M (P x !(B) „ )e ,(e) (: pX i(E) „ ) J. Then, the model (ff,7r) := 
(H,ir) © (H',tt') is an elementary extension of (H,ir). Let u' := 

fad(B) w + - P ad(B) Ud + M G Then ' by Theoremd^l the type tp(v'/F) 
is a -independent extension of tp(v/E). 
Induction step: Now, let v — (v\, . . . , v n , Wn+i) G ff" +1 . By induc- 
tion hypothesis, there are v[, . . . ,v' n G if such that tp(v[, . . . , v' n /F) 
is a J^,* -independent extension of tp(vi, . . . , v n /E). Let t/ be a mon- 
ster model automorphism fixing E pointwise such that for every j = 
1, . . . , n, U(vj) = v'j. Let v' n+1 G H be such that • • • v' n ) 

is a ^* -independent extension of tp(U(v n+ i)/ Ev[, ■ ■ ■ v' n ). Then, by 
transitivity, tp(v[, . . . ,v' n ,v' n+1 / F) is a ^* -independent extension of 
tp(vi, . . .,v n ,v n+ i/E). 
Stationarity: Let (H, w) be the monster model and let E C F C If be small 
sets. We show, by induction on n, that for every p 6 S n (E), if q G S n (F) 
is a J_^* -independent extension of p to F then q — p', where p' is the 
-independent extension of p to -F built in the proof of existence. 
Case n = 1: Let v E if be such that p = tp(v/E), and let q G S^-P) and 
w E H be such that w |= q. Let u' be as in previous item. Then, by 
Theorem 16.51 we have that: 

(1) Pacl(E)V = Pacl(F)v' = P a cl(F)W = 

(2) (Hp± i ^ v , irpx v , Pad(E) v ) 1S isometrically isomorphic to both 
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and 

This means that P ac i{F)v' = P aci ( F )W &n& (H P ± ir P ± P^ cl(F) w) 
is isometrically isomorphic to (H P ± „,.tt p ± „,,P ujr ^v') axid, there- 

acl(F) U ocl(F) U ad(f ) 

fore q = tp(v'/F) = p' . 
Induction step: Let v = (vi, . . . , v n ,v n+ i), v' = (v[, . . . , v n ,v' n+1 ) and 
w = [w\, . . . ,w n ) G H be such that v \= p, v' \= p' and w \= q. By 
transitivity, we have that tp(v[, . . . , v' n /F) and tp{w\, . . . , w n /F) are 
J^*-independent extensions of tp(v\, . . . , v n /E). By induction hypoth- 
esis, tp(v{, . . . , v' n /F) — tp{w\, . . . , w n /F). Let U be a monster model 
automorphism fixing E pointwise such that for every j — l,...,n, 
U(vj) = v'j and let U' a monster model automorphism fixing F point- 
wise such that for every j = 1, . . . ,n, U'(i)j) — w'j. Again by transi- 
tivity, tp{U- l {v' n+1 )/F Vl ■■■v n ) and tp((U' o U)- l {w n+1 )/Fv 1 , ■ ■ ■ v n ) 
are J^*-independent extensions of tp(v n +i/Evi, — v n ). By the case 
n = 1 tp{U- 1 (v' n+1 )/Fv 1 ---v n ) = tp((U' oU)- 1 (w n+1 )/Fv 1 ,---v n ) 
and therefore p' = tp(v[,. . . , v' n v' n+1 /F) = tp(wi, . . . ,w n ,w n+ i/F) = 
1- 

□ 

Lemma 6.8 (Theorem 14.14 in [6]). A first order continuous logic theory T is 
stable if and only if there is an independence relation * satisying local character, 
finite character of dependence, transitivity, symmetry, invariance, existence and 
stationarity. In that case the relation J^,* coincides with non-forking. 

Theorem 6.9. The theory T w is superstable and the relation J_^* agrees with non- 
forking. 

Proof. By Lemma f6.8( T n is stable and the relation A\f* agrees with non- forking. 
To prove superstability, we have to show that for every v = (v\, . . . , v n ) € H, every 
F C H and every e > 0, there exist a finite Fq C F and v' = (v[, . . . , v' n ) € H n such 
that 1 1 Vj — v' 3 ■ | < e and v'j F for every j < n. As in the proof of local character, 
for j = l,...,nlet { J a\,..., J af fe ) feeN , ( 1 e\, . . . , 3 ef k ) keN , w 3 := (P ac i(E)(vj)) e 
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and (wj^fcgN be such that w k := 




ir{ia k s ) J e k for k E N, and w k tOj. For 




j = 1, . . . ,ra, let -Kj £ N be such that — tu^ J || < e, let := (P ac i(E)Vj)d + tOj J 
and let F$ = {e k s \ k < K j and s = 1, . . . , l k }. If we define F := U^F^ then for 



Remark 6.10. According Theorem 16.71 Theorem 16.51 stablishes a characterization 
of non- forking extensions. 

Theorem 6.11. Let v = (vi,...,v n ) E H n and E C H. Then Cb(tp(v/E)) := 
{{PeV\, . . . , PeVu)} *s a canonical base for the type tp(v/E) 

Proof. First of all, we consider the case of a 1-tuple. By Theorem 16.51 tv(v IE) does 
not fork over Cb(tp(v/E)). Let {vk)k<Lo a Morley sequence for tp(v/E). We have to 
show that Pev G dcl{{vk)k<ui)- By Theorem 16. 5 [ for every k < uj there is a vector 
Wk such that Vk = Pev + Wk and Wk -L clcI({Pev} U {ujj \ j < k}). This means 
that for every k < uj, Wk E -ff e and for all j, k < uj, H Wj _L H Wk . For fc < w, let 
v' k := °i = Hi+^+Hi. Then for every k < w, v' k E dd{{v k ) k< u:)- Since 

— > P e w when k — ¥ oo, we have that Pgi) E dcl((vk)k<u)' 

For the case of a general n-tuple, by Remark 16.41 it is enough to repeat previous 
argument in every component of v. □ 

Corollary 6.12. The theory T^ has weak elimination of imaginaries. 

Proof. Clear by previous theorem. □ 



In this section, we characterize domination, orthogonality of types in terms of 
similar relationships between positive linear functionals on A. These are the state- 
ments Theorem 17.51 and Theorem l7.8l For a complete description of the relation of 
domination see [TU], Definition 5.6.4. 

Theorem 7.1. Let v,w E H. Then (H v ,ir v ,v) is isometrically isomorphic to a 
subrepresentation of (H w , tt Wi w) if and only if <p v < <j) w . 

Proof. Suppose (H v ,ir v ,v) is isometrically isomorphic to a subrepresentation of 
(H w ,tt w ,w). Then there exists a vector v' E H w such that (H v ,ir v ,v) ~ (H v i,it v i,v'). 



every j = 1, . . . , n we have that w' F, \F \ < H and \\vj — v'A\ < e. 

J fin J 



□ 
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By Theorem I2.49[ there exists a bounded positive operator P : (H w ,tt w ,w) —> 
(H v i , ir v i , v') such that Pw — v' and P commutes with every element of n v {A). Let 
7 — ||P|| 2 . Then, for every positive element a G A, 4> v {a) = 4>v'{a) — {tv(cl)v' \ v') — 
{■K(a)Pw | Pw) = (P*ir(a)Pw \ w) = (vr(a) ||F|| 2 w | w) < 7 (7r(a)w | w) = ~f<p w (a) 
which means that j(p w — 4> v is positive and cj) v < <j> w . 

The converse is Corollary 3.3.8 in [3D]. □ 

Lemma 7.2. Let v,w G H. If <f> v _L <p w , then (H v ,tt v ,v) is not isometrically 
isomorphic to any subrepresentation of {H w ,ir w ,w). 

Proof. Suppose (j) v _L <j) w , and (H v ,tt v ,v) is isometrically isomorphic to subrepre- 
sentation of (H w ,n w ,w). By Theorem 17.11 d„ let 7 > be a real number 
such that "f(j) w — 4>v is a bounded positive functional and let u G H be such that 

4>u = l<t>w - <t>v Th en 4>v = l<Pw - 4>u, and \\(f> w - <j> v \\ = \\(f> w - -y<p w + 4> u \\ = ||(1 - 



7)^ + ^11 = \l-j\U w \\ + \\(f> u \\ ^ 11+7111^11 + II^H = ll^ + ^H = H w \\ + \\4>v\\, 



Theorem 7.3. Let v,w G H . cj) v + (f> w if and only if no subrepresentation of 
(H v ,tt v ,v) is isometrically isomorphic to a subrepresentation of (H w ,n w ,w). 

Proof. Suppose (ft v + (ft w . By Lemma r2.48l if (H v > , ir v > , v') is a subrepresentation of 
{H v , ir v , v) and (H w >,tt w > ,w') is a subrepresentation of (H w , w w ,w), then (j) v t + <p w i, 
By Lemma 1 7. 2 [ (H v i,n v /,v') is not isometrically isomorphic to {H w i ,tt w i ,«/), and 
the conclusion follows. 

Conversely, suppose no subrepresentation of (H v ,ir v ,v) is isometrically isomor- 
phic to a subrepresentation of (H w , w w ,w). Then the representations (H v , n v ) and 
(H w ,ir w ) are disjoint. By Fact 12.171 there is a projection P G n(A)' fl tt(A)" such 
that PP V = P v and (I - P)P W = P w . Then, c/> v (I - P) = ((I - P)v \ v) = 
((v - PP v v) I v) = ((v - v) I v) = 0. On the other hand, (j> w {P) = {Pw \ w) = 
(w—(w — Pw) I w) = (w—(I—P)w I w) = (w — (I — P)P w w I w) = (w — P w w I w) — 
(w — w I w) = 0. By Fact 12.151 and Theorem 12. 10[ the projection P is strongly ap- 
proximate by positive elements in tt(A) and therefore e > there exists a positive 
element a G A with norm less than or equal to 1, such that 4> v (e — a) < e and 



but this contradicts <p v + <fi. 



□ 



<t> w {a) < e. By [2+3 <t>v ± <A 



□ 



OPERATOR C* -ALGEBRAS ON HILBERT SPACES 29 

Lemma 7.4. Let p,q G Si(0), let v, w G H be such that v \= p and w \= q. Then, 
p _L a q if and only if <p Ve J_ <p Wf , . 

Proof. Suppose p _L a q. By Remark 16.21 this implies that H Vc _L H w<! for all v \= p 
and w \= q. Let v \= p and w \= q. Then no subrepresentation of (H Ve ,TT Ve ,v e ) 
is isometrically isomorphic to any subrepresentation of (H We ,Tr We ,w e ). By Lemma 
17.31 this implies that <f> Ve _L <p We . 

Conversely, if p jL a q there are v, w G H such that v \= p, w \= q and H Ve JL H Wb . 
This implies that there exists an element a £ A such that v e X n(a)w e . Since v e = 
Pw a v e + P^v e and P We v e ^ 0, we can prove that <pP Ws v c < <\>v c by using a procedure 
similar to the one used in the proof of Theorem 17.11 and, since P Wc v e G H We , we get 
<pPn, v e < 4>w a ■ By Lemma 12.481 this implies that ip Vi! JL <p We . □ 

Theorem 7.5. Let E C H. Let p,q G Si(E), let v, w £ H be such that v \= p and 
w\=q. Then, p ±% q if and only if (f) P ± {Ve ) -L <t>p£( Wl! ) 

Proof. Clear by Lemma [7T41 □ 

Theorem 7.6. Let E C H. Let p,q G Si(E). Then, p ± a q if and only if p ± q. 

Proof. Assume p ±. a q, E C F C H are small subsets of the monster model and 
p', q' G Si(F) are non-forking extensions of p and g respectively. Let v, w G i? 
be such that w |= p' and u> \= q', then (f>p±i v \ = 4>p± v L 4>p± w — <f>p^( w \- By 
Lemma l7.4| this implies that p' _L a g'. Therefore p -L q. 

The converse is trivial. □ 

Lemma 7.7. Let p,q € <Si(0) and v, w € H be such that v \= p and w \= q. 

Then, p\>% q if and only if <j) Wc < 0„ e . 

Proof. Suppose p l>0 g. Suppose that v' and to' are such that v' \= p, w' \= q and 
if v ' X*® E then w' J^ E for every E. Then for every E C H 

P E v' e = => PeU^ = 

This implies that w' e G , and H w i C . By Theorem 17.11 <f> Wlt — < — 

<Pv e - 

For the converse, suppose (f> We < (j> Ve . Then, by Theorem l7.1l ff„, ; is isometrically 
isomorphic to a subrepresentation of H Ve , which implies that there is w' G H v such 
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that w' |= tp{w/%) and for every E C H 

P E v e = =► P B tOe = 
This means than tp(w/$) <0 tp{v/%). □ 

Theorem 7.8. Let E, F and G be small subsets of H and p £ S\{E) andq^Si(F) 
be two stationary types. Then p \>q q if and only if there exist v, w 6 H such that 
tp(v/G) is a non-forking extension of p, tp(w/G) is a non-forking extension of q 
and 6 P ± ... < d> P ± ,, . 

Proof. Clear by Lemma [7771 □ 



References 

[I] N.I. Akhiezer, I.M. Glazman, Theory of linear operators in Hilbert Space vols. I and II. Pitman 
Advanced Publishing Program, 1981. 

[2] W. Arveson, A short course on spectral theory. Springer Verlag, 2002. 

[3] C. Argoty, A. Berenstein, Hilbert spaces expanded with an unitary operator. Math. Logic Quar. 
55 no 1 (2009) 37-50. 

[4] C. Argoty, I. Ben Yaacov, Model theory Hilbert spaces ex- 
panded with a bounded normal operator. Available in 
http: / /www. maths. manchester.ac.uk/logic/mathlogaps/preprints/hilbertnormall.pdf 

[5] I. Ben Yaacov, Modular Junctionals and perturbations of Nakano spaces Journal of Logic and 
Analysis vol 1:1 (2009), 1-42. 

[6] Itai Ben Yaacov, Alexander Berenstein, C. Ward Henson and Alexander Usvyatsov, Model 
theory for metric structures. Model Theory with Applications to Algebra and Analysis, volume 
2, (Zoe Chatzidakis, Dugald Macpherson, Anand Pillay and Alex Wilkie, eds.), London Math 
Society Lecture Note Series, volume 350 (2008) 315-427. 

[7] Itai Ben Yaacov and Alexander Usvyatsov, Continuous first order logic and local stability. To 
appear in the Transactions of the American Mathematical Society. 

[8] Itai Ben Yaacov, Alexander Usvyatsov and Moshe Zadka, Generic automorphism of a Hilbert 
space, preprint. 

[9] Alexander Berenstein, and Steven Buechler, Simple stable homogeneous expansions of Hilbert 

spaces. Annals of of pure and Applied Logic. Vol. 128 (2004) pag 75-101. 
[10] Steven Buechler, Essential stability theory. Springer Verlag, 1991. 

[II] A. Connes, Noncommutative geometry. Academis Press, 1994. 

[12] K. Davidson, C*-algebras by example. Fields institute monographs, American Mathematical 
Society, 1996. 

[13] J. Dixmier, Les C* -algebres et leur representations, Bordas 1969. 



OPERATOR C'-ALGEBRAS ON HILBERT SPACES 



31 



[14] N. Dunford, J. Schwarz, Linear operators. John Wiley & Sons, 1971. 

[15] I. Farah, B Hart, D. Sherman, Model Theory of Operator Alebras I: Stability. Preprint 
arXiv:0908.2790vl. 

[16] I. Farah, B Hart, D. Sherman, Model Theory of Operator Alebras I: Stability. Preprint 
arXiv:1004.0741vl. 

[17] M. Henle, A Lebesgue decomposition theorem for C* -algebras. Canad. Math. Bull. Vol 15 (1) 
1972. 

[18] C. Ward Hcnson and H. Tellez, Algebraic closure in continuous logic. Revista Colombiana de 

Matcmaticas Vol 41 [Especial] ( 2007). 279-285. 
[19] Jose Iovino, Stable theories in functional analysis University of Illinois Ph.D. Thesis, 1994. 
[20] G. Pedersen, C* -algebras and their automorphism groups 

[21] M. Reed, B. Simon, Methods of modern mathematicalphysics volume I: Functional analysis, 
revised and enlarged edition. Academic Press, 1980. 

Camilo Argoty, Departamento de Matematicas, Universidad Sergio Arboleda, Bo- 
gota, Colombia 



